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DUAL BRST SYMMETRY FOR QED
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Abstract: We show the existence of a co(dual)-BRST symmetry for the usual BRST
invariant Lagrangian density of an Abelian gauge theory in two dimensions of space-time
where a U(1) gauge field is coupled to the Noether conserved current (constructed by
the Dirac fields). Under this new symmetry, it is the gauge-fixing term that remains
invariant and the symmetry transformations on the Dirac fields are analogous to the chiral
transformations. This interacting theory is shown to provide a tractable field theoretical
model for the Hodge theory. The Hodge dual operation is shown to correspond to a discrete
symmetry in the theory and the extended BRST algebra for the generators of the underlying
symmetries turns out to be reminiscent of the algebra obeyed by the de Rham cohomology
operators of differential geometry.
∗ E-mail address: malik@boson.bose.res.in
1 Introduction
The study of symmetries in theoretical physics has brought together many physical ideas
and underlying mathematical concepts on an equal footing where both have enriched each-
other in a grand and illuminating manner. One such symmetry is the Becchi-Rouet-Stora-
Tyutin (BRST) symmetry [1,2] which has played a key role in bringing together the physics
of gauge theory (endowed with the first-class constraints) and mathematics of differential
geometry (related with connections and curvature tensors, etc.) in the realm of what is
known as the BRST cohomology. In fact, the nilpotent (Q2B = 0) BRST charge (QB) is
analogous to the exterior derivative d (d2 = 0) of differential geometry and BRST closed
states (QB|phys >= 0) are the physical states which are analogous to the closed-forms f
(df = 0) of differential geometry. The subsidiary condition QB|phys >= 0 is required to
ensure that the operator form of first-class constraints of the original gauge theories must
annihilate the physical states of the theory (Dirac’s prescription) [3-8]. Now two physical
states are said to belong to the same cohomology class with respect to BRST charge QB if
they differ by a BRST exact state. There are two other operators of differential geometry
that are required in the definition of the Hodge decomposition theorem which states that,
on a compact manifold, any n-form fn(n = 0, 1, 2...) can be uniquely written as the sum of
a harmonic form hn (∆hn = 0, dhn = 0, δhn = 0), an exact form den−1 and a co-exact form
δcn+1 as
fn = hn + d en−1 + δ cn+1, (1.1)
where δ (δ = ±∗d∗; δ2 = 0) is the co(dual)-exterior derivative and ∆ (∆ = (d+δ)2 = dδ+δd)
is the Laplacian operator [7-13]. It has been a long-standing problem to express δ and ∆
in the language of some local symmetry properties of a given BRST invariant Lagrangian
density for a gauge theory. Some very interesting and illuminating attempts have been
made towards this goal for the interacting (non)Abelian gauge theories in any arbitrary
dimension of space-time but symmetry transformations have turned out to be non-local
and non-covariant [14-17]. In the covariant formulation [18], the nilpotency is restored only
for the specific values of the parameters of the theory.
Recently, it has been shown [19,20] that free two-dimensional (2D) Abelian- and self-
interacting non-Abelian gauge theories (without any interaction with matter fields) are
the prototype examples of a new kind of topological field theories † [21] that provide a
field theoretical model for the Hodge theory where all the de Rham cohomology operators
(d, δ,∆) correspond to the generators of local, continuous, covariant and nilpotent (for
d and δ) symmetries of the theory. Such an analogy has also been established for the
free two-form Abelian gauge theory in four (3 + 1) dimensional space-time [22]. All these
above examples of free gauge theories are, however, ideal as well as simple examples and
have very little to do with physical reality. The most natural and physically interesting
†A theory with a flat space-time metric but without any propagating degrees of freedom. It captures
together some of the key features of Witten- and Schwarz-type of topological field theories.
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gauge theories are the interacting theories. It is, therefore, a nice idea to explore the
possibility of having an interacting field theory as a tractable model for the Hodge theory.
The purpose of the present paper is to show that 2D quantum electrodynamics (QED) (a
dynamically closed system of U(1) gauge field Aµ and Dirac fields ψ and ψ¯) is an interacting
field theoretical model for the Hodge theory. Besides the local BRST charge (analogue of
d), we show that there are local co-BRST charge QD (analogue of δ) and a local bosonic
(Casimir) operatorW (analogue of ∆) that are generators of symmetry transformations for
the BRST invariant Lagrangian density of QED. Like two-form F = dA remains invariant
under the BRST transformations and the Dirac fields transform to the analogue of the
local gauge transformations, it is the gauge-fixing term ‡ that remains invariant under the
dual BRST transformations and the Dirac fields transform as an analogue of the chiral
transformations. We show that the existence of a discrete symmetry connects these two
symmetry transformations and turns out to be the analogue of the Hodge dual ∗ operation
of the differential geometry. Finally, we show that the extended BRST algebra constituted
by generators of all the underlying symmetries of the theory mimic the algebra of the
de Rham cohomology operators of differential geometry. To the best of our knowledge,
this interacting field theory is the first example of a Hodge theory where all the de Rham
cohomology operators correspond to some local generators.
The outline of this paper is as follows. In Sec. 2, we recapitulate the bare essentials of
the BRST symmetries and set up the notations. This is followed by the discussions of dual
BRST symmetries in Sec. 3. Section 4 is devoted to the discussion of symmetry generated
by the Casimir operator. In Sec. 5, we discuss a discrete symmetry that corresponds to
the Hodge duality operation. The extended BRST algebra and the Hodge decomposition
theorem are discussed in Sec. 6. Finally, we make some concluding remarks in Sec. 7.
2 BRST Symmetries
Let us begin with a D-dimensional BRST invariant Lagrangian density (LB) for the inter-
acting U(1) gauge theory in the Feynman gauge:
LB = −
1
4
F µνFµν + ψ¯(iγ
µ∂µ −m)ψ − eψ¯γ
µAµψ +B(∂ · A) +
1
2
B2 − i∂µC¯∂
µC, (2.1)
where Fµν = ∂µAν−∂νAµ is the field strength tensor, B is the Nakanishi-Lautrup auxiliary
field, (C¯)C are the anticommuting Faddeev-Popov (anti)ghost fields (C¯2 = C2 = 0, Cψ =
−ψC, C¯ψ = −ψC¯, CC¯ = −C¯C, etc.) and indices µ, ν = 0, 1, 2, ......D − 1 represent the flat
Minkowski space-time directions. It can be checked that the above Lagrangian density
remains quasi-invariant (δBLB = η∂µ[B∂
µC]) under the following off-shell nilpotent (δ2B =
‡The vector potential Aµ of the U(1) gauge theory is defined through one-form A = Aµdx
µ. The
gauge-fixing term ∂ ·A = δA is Hodge dual to the two-form F = dA where δ = ± ∗ d∗ is the adjoint(dual)
exterior derivative and d is the exterior derivative (see, e.g., Refs. [9,10]).
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0) BRST transformations:
δBAµ = η ∂µ C, δBC = 0, δBC¯ = i η B, δBB = 0,
δBψ = −iηeCψ, δBψ¯ = iηeCψ¯, δB(∂ · A) = η✷C, δBFµν = 0,
(2.2)
where η is an anticommuting (ηC = −Cη, ηC¯ = −C¯η, ηψ = −ψη, ηψ¯ = −ψ¯η) space-time
independent transformation parameter. The on-shell (✷C = 0) nilpotent (δ2b = 0) BRST
transformations can be obtained from (2.1) by inserting the equations of motion for the B
field ( i.e. B = −(∂ ·A) ) as
δbAµ = η ∂µ C, δbC = 0, δbC¯ = −i η (∂ · A),
δbψ = −iηeCψ, δbψ¯ = iηeCψ¯, δb(∂ · A) = η✷C,
(2.3)
and the corresponding on-shell nilpotent BRST invariant Lagrangian density is
Lb = −
1
4
F µνFµν + ψ¯(iγ
µ∂µ −m)ψ − eψ¯γ
µAµψ −
1
2
(∂ · A)2 − i∂µC¯∂
µC. (2.4)
It is straightforward to check that the generator for the above symmetry transformations
is the off(on)-shell nilpotent (Q2B,(b) = 0) BRST charge
QB =
∫
d(D−1)x[∂iF
0iC +BC˙ − eψ¯γ0Cψ] ≡
∫
d(D−1)x[BC˙ − B˙C],
Qb =
∫
d(D−1)x[∂iF
0iC − (∂ · A)C˙ − eψ¯γ0Cψ]
≡
∫
d(D−1)x[∂0(∂ · A)C − (∂ · A)C˙],
(2.5)
where the latter expressions for QB,b have been obtained by exploiting the equation of
motions: (∂µF
µν − ∂νB = eψ¯γνψ) and (∂µF
µν + ∂ν(∂ · A) = eψ¯γνψ). The global scale
invariance of (2.1) under C → e−λC, C¯ → eλC¯, Aµ → Aµ, B → B (where λ is a global
parameter), leads to the derivation of a conserved ghost charge (Qg)
Qg = −i
∫
d(D−1)x [ C ˙¯C + C¯C˙ ]. (2.6)
Together, these conserved charges satisfy the following algebra
Q2B =
1
2
{QB, QB} = 0, i[Qg, QAB] = −QAB, i[Qg, QB] = +QB,
Q2AB =
1
2
{QAB, QAB} = 0, {QB, QAB} = 0,
(2.7)
where QAB is the anti-BRST charge which can be readily obtained from (2.5) by the
replacement :C → iC¯. Note that C → ±iC¯, C¯ → ±iC is the discrete symmetry of the
ghost action (IF.P. = −i
∫
dDx ∂µC¯∂
µC) in any arbitrary dimension of spacetime. This is
why the anti-BRST charge QAB and the corresponding nilpotent transformations can be
obtained from (2.5) and (2.2) by the replacement: C → ±iC¯ .
At this stage, it is worth pointing out the fact that the de Rham cohomology operators
(d, δ,∆) obey the following algebra
d2 = 0, δ2 = 0, ∆ = (d+ δ)2 = dδ + δd,
[∆, d] = 0, [∆, δ] = 0 {d, δ} = ∆ 6= 0.
(2.8)
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It can be easily seen that if QB is the analogue of d, QAB is not the analogue of δ because
QB and QAB anticommute
§ with each-other whereas d and δ do not anticommute. Thus,
in the algebra (2.7), there is no analogue of the Laplacian operator ∆. Furthermore, under
transformations generated by QB and QAB, it is the two-form F = dA (derived from the
application of d on the one-form A) that remains invariant and not the gauge-fixing term
(which is derived from one-form A by application of dual exterior derivative δ). Thus, it is
obvious that, at the algebraic- and conceptual level, the analogy is not complete between
the BRST algebra (2.7) and the de Rham cohomology algebra (2.8).
3 Dual BRST symmetries
In two (1+ 1) dimensions of space-time, there exists only one component (i.e. electric field
E = F01) of the field strength tensor Fµν and there is no magnetic field. Thus, the analogue
of the BRST invariant Lagrangian density (2.1) is:
LB =
1
2
E2 + ψ¯(iγµ∂µ −m)ψ − eψ¯γ
µAµψ +B(∂ · A) +
1
2
B2 − i∂µC¯∂
µC, (3.1a)
which can be recast as:
LB = BE −
1
2
B2 + ψ¯(iγµ∂µ −m)ψ − eψ¯γ
µAµψ +B(∂ · A) +
1
2
B2 − i∂µC¯∂
µC, (3.1b)
by introducing another auxiliary field B. It can be checked that under the following off-shell
nilpotent (δ2D = 0) dual-BRST transformations
δDAµ = −ηεµν∂
νC¯, δDC¯ = 0, δDC = −iηB, δDB = 0, δDB = 0,
δDψ = −iηeC¯γ5ψ, δDψ¯ = iηeC¯γ5ψ¯, δD(∂ · A) = 0, δDE = η✷C¯,
(3.2)
the Lagrangian density (3.1b) (with m = 0) transforms as: δDLB = η∂µ(B∂
µC¯) ¶. The
on-shell (✷C¯ = 0) nilpotent (δ2d = 0) dual-BRST symmetry transformations (for m = 0)
can be obtained from (3.2) by exploiting equations of motions w.r.t. B and B fields (i.e.
B = −(∂ · A);B = E) as
δdAµ = −ηεµν∂
νC¯, δdC¯ = 0, δdC = −iηE, δdE = η✷C¯,
δdψ = −iηeC¯γ5ψ, δdψ¯ = iηeC¯γ5ψ¯, δd(∂ ·A) = 0.
(3.3)
The above on-shell (✷C¯ = 0) nilpotent transformations turn out to be the symmetry for
the analogue of the Lagrangian density (2.4)
Lb =
1
2
E2 + ψ¯(iγµ∂µ −m)ψ − eψ¯γ
µAµψ −
1
2
(∂ · A)2 − i∂µC¯∂
µC. (3.4)
§Cohomologically higher-order BRST- and anti-BRST operators do not anticommute for the compact
non-Abelian Lie algebras [23]. Our discussion, however, concerns with a simple Abelian Lie algebra.
¶ We adopt the notations in which the flat 2D Minkowski metric ηµν = diag (+1,−1), γ
0 = σ2, γ
1 =
iσ1, γ5 = γ
0γ1 = σ3, {γ
µ, γν} = 2ηµν , γµγ5 = εµνγ
ν , ε01 = ε
10 = +1, F01 = ∂0A1 − ∂1A0 = E =
−εµν∂µAν = F
10,✷ = ηµν∂µ∂ν = (∂0)
2 − (∂1)
2 and here σ′s are the usual 2× 2 Pauli matrices.
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We christen the above off(on)-shell nilpotent symmetries (3.2) and (3.3) as dual-BRST
symmetries because it is the gauge-fixing term that remains invariant under these trans-
formations and the corresponding symmetry transformations on the Dirac fields are the
analogue of the chiral transformations. It should be contrasted with the usual BRST sym-
metries, under which, it is the electric field E that remains invariant and the corresponding
symmetry transformations on the Dirac fields are the analogue of the local gauge transfor-
mations ‖.
It can be checked that the above transformations are generated by
QD =
∫
dx[B ˙¯C + eψ¯γ1C¯ψ − (∂1B)C¯] ≡
∫
dx [ B ˙¯C − B˙C¯],
Qd =
∫
dx[E ˙¯C + eψ¯γ1C¯ψ + (∂1(∂ · A))C¯] ≡
∫
dx [ E ˙¯C − E˙C¯],
(3.5)
where the latter expressions for QD,d have been obtained by using the equation of motion
(εµν∂νB + ∂
µB = −eψ¯γµψ) and (εµν∂νE − ∂
µ(∂ · A) = −eψ¯γµψ) for the photon field
present in the Lagrangian density (3.1b) and (3.4). Using the following BRST quantization
conditions (with h¯ = c = 1):
[A0(x, t), B(y, t)] = iδ(x− y), [A1(x, t),B(y, t)] = iδ(x− y),
{ψ(x, t), ψ†(y, t)} = −δ(x− y), {C(x, t), ˙¯C(y, t)} = δ(x− y),
{C¯(x, t), C˙(y, t)} = −δ(x− y),
(3.6)
(and rest of the (anti)commutators are zero), it can be seen that QD is indeed the generator
for the transformations (3.2) ∗∗ if we exploit the following relationship
δDΦ = −iη[Φ, QD]±, (3.7)
where [ , ]± stands for (anti)commutator for the generic field Φ being (fermionic)bosonic in
nature. It is straightforward to check that Q2D =
1
2
{QD, QD} = 0 due to (3.6). A simpler
way to see this fact is: δDQD = −iη{QD, QD} = 0 by exploiting (3.2) and (3.5).
4 Symmetry generated by the Casimir operator
It is very natural to expect that the anticommutator of these two transformations
({δB, δD} = δW ) would also be the symmetry transformation (δW ) for the Lagrangian den-
sity (3.1b) (with m = 0). This is indeed the case as can be seen that under the following
bosonic (κ = −iηη′) transformations corresponding to δW
δWAµ = κ(∂µB + εµν∂
νB), δWB = 0, δWB = 0,
δW (∂ · A) = κ✷B, δWE = −κ✷B, δWC = 0, δW C¯ = 0,
δWψ = κie(γ5B − B)ψ, δW ψ¯ = −κie(γ5B − B)ψ¯,
(4.1)
‖As explained in Sec. 1, in two dimensional space-time, the electric field E and gauge-fixing term (∂ ·A)
are ‘Hodge dual’ to each-other. The gauge symmetry and chiral symmetry transformations on the Dirac
fields are also dual to each-other (see, e.g., Ref. [24]).
∗∗ Here, and in what follows, we shall concentrate only on the off-shell nilpotent symmetries and corre-
sponding generators. The case of on-shell nilpotent symmetries can be easily derived from here.
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the Lagrangian density (3.1b) (with m = 0) transforms as: δWLB = κ∂µ[B∂
µB − B∂µB].
Here η and η′ are the transformation parameters corresponding to the transformations δB
and δD respectively. The generator for the above transformations is:
W =
∫
dx [ B(∂1B + eψ¯γ1ψ)− B(∂1B − eψ¯γ0ψ) ] ≡
∫
dx [ BB˙ − B˙B ], (4.2)
where the latter expression for W has been obtained due to the use of equation of motion:
εµν∂νB+∂
µB = −eψ¯γµψ. As we shall see below (Sec. 6), this bosonic symmetry generator
is the Casimir operator for the full extended BRST algebra which plays an important role
in the representation theory for this algebra [11-13]. There are other simpler ways to derive
the expression for W . For instance, it can be seen that anticommutator of QB and QD
leads to the derivation ofW (i.e. {QB, QD} =W ) if we exploit the basic (anti)commutators
(3.6). Furthermore, since QB and QD are the generators for transformations (2.2) and (3.2)
respectively, it can be seen that the following relationships
δDQB = −iη{QB, QD} = −iηW,
δBQD = −iη{QD, QB} = −iηW,
(4.3)
lead to the definition and derivation of W .
5 Discrete symmetries
It can be readily seen that, in 2D, the ghost action (IF.P = −i
∫
d2x ∂µC¯∂
µC) remains
invariant under
C → ±iC¯, C¯ → ±iC, ∂µ → ±iεµν∂
ν . (5.1)
This symmetry was exploited for the definition of anti-BRST and dual/anti-dual BRST
symmetries in the case of free Abelian gauge theories [19, 20]. Furthermore, it was noticed
that under the following separate and independent transformations
C → ±iC¯, C¯ → ±iC ∂µ → ±iεµν∂
ν Aµ → Aµ, (5.2)
C → ±iC¯, C¯ → ±iC Aµ → ∓iεµνA
ν , (5.3)
the free (without matter fields ψ and ψ¯) Lagrangian density (2.4) remains invariant. The
above transformations were found to be the analogue of Hodge duality (∗) operations for
the free theory [19,20]. It was also shown that the (anti)dual BRST transformations can
be obtained from the usual (anti)BRST transformations by exploiting the above discrete
symmetries. Similarly, two sets of topological invariants of the theory were shown to be
connected to each-other by (5.2) or (5.3).
For the interacting theory, described by the Lagrangian densities (3.1a, 3.1b) and (3.4),
similar transformations exist. It can be checked that, under the following transformations
C → ±iγ5C¯, A0 → ±iγ5A1, E → ±iγ5(∂ · A), ψ → ψ,
C¯ → ±iγ5C, A1 → ±iγ5A0, (∂ · A)→ ±iγ5E, ψ¯ → ψ¯,
B → ∓iγ5B, B → ∓iγ5B, e→ ∓ie,
(5.4)
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the above Lagrangian densities (for the interacting theory) remain invariant ††. Further-
more, it can be easily seen that the dual-BRST symmetries (3.2) and (3.3) can be derived
from their counterpart BRST symmetries ((2.2) and (2.3)) by exploiting the symmetry
transformations (5.4). Thus, as argued in Refs. [19, 22], the discrete transformations in
(5.4) are the analogue of the Hodge duality (∗) operation of differential geometry. To
verify this claim, we first note that, under two successive ∗ operations (corresponding to
transformations (5.4)), the generic fields Φ of the above Lagrangian densities, transform as
∗ ( ∗ Φ ) = ± Φ, (5.5)
where (+) sign stands for the generic field Φ being ψ, ψ¯ and (−) sign is for the rest of the
fields (e.g. Φ = C, C¯, B,B, A0, A1, (∂ · A), E). Now, it is very gratifying to note that, for
the generic field Φ, we have the following relationship
δDΦ = ± ∗ δB ∗ Φ, (5.6)
where δD and δB are the nilpotent symmetry transformations (3.2) and (2.2) respectively
and (+) sign stands for Φ = ψ, ψ¯ and (−) sign is for the rest of the fields. The relative signs
in (5.6) are dictated by the corresponding signs in (5.5). Thus, we see that the relationship
between transformations δB and δD acting on the generic field Φ is same as the relationship
between exterior derivative d and the dual-exterior derivative δ (i.e. δ = ± ∗ d∗) acting on
a differential form (defined on a compact manifold).
It is worthwhile to mention that under discrete transformations (5.4), the generators
(Q(B,AB), Q(D,AD),W ) for the continuous transformations undergo the following change
Q(B,AB) → Q(D,AD), Q(D,AD) → Q(B,AB) W →W, (5.7)
so that the extended BRST algebra (see, e.g., eqn. (6.1) below) remains intact as far
as these operators are concerned. Here QAD is the anti-dual BRST charge which can be
readily derived from (3.5) by the replacement :C¯ → ±iC. The above transformations (5.7)
should be contrasted with the four (3+1) dimensional case of the free 2-form Abelian gauge
theories [22] where it has been shown that under the analogue of ∗ operation, the generators
transform as: QB → QD, QD → −QB ,W → −W which turns out to mimic the duality
symmetry transformation of the free Maxwell equations where E → B,B → −E. As
expected by the duality considerations in 2D [25-27], the Hodge duality (∗) transformations
in (5.7) are correct and consistent because of the fact that dualities in 4D and 2D are of
different nature. In fact, it is precisely because of this reason that, in 2D, one obtains (a
reciprocal relationship between δB and δD):
δBΦ = ± ∗ δD ∗ Φ, (5.8)
††Note that in the matrix notations, the transformations like: A0 → ±iγ5A1, etc., imply that A0 → ±iA1
or/and A0 → ∓iA1. Except for the exchange of signs, these transformations are same. In fact, γ5 is present
appropriately in the rest of the transformations to take care of this sign-flip.
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analogous to (5.6). This is a reflection of the fact that in 2D, there is no relative change of
sign between an operator and its dual operator under the duality transformation.
6 Extended BRST algebra
Together, all the above generators obey the following extended BRST algebra
[W,Qk] = 0, k = g, B,D,AB,AD,
Q2B = Q
2
D = Q
2
AB = Q
2
AD = 0, {QD, QAD} = 0,
{QB, QD} = {QAB, QAD} = W, {QB, QAB} = 0,
i[Qg, QB] = QB, i[Qg, QAB] = −QAB,
i[Qg, QD] = −QD, i[Qg, QAD] = QAD,
(6.1)
and the rest of the (anti)commutators are zero. It is evident that the operator W is the
Casimir operator for the whole algebra. The mathematical aspects of the representation
theory for the above kind of BRST algebra have been discussed in Refs. [11-13]. It will
be noticed that the ghost number for QB and QAD is +1 and that of QD and QAB is
−1. Now, given a state |φ > with ghost number n in the quantum Hilbert space (i.e.
iQg|φ >= n|φ >), it can be readily seen, using the algebra (6.1), that
iQgQB|φ > = (n+ 1)QB|φ >, iQgQAD|φ >= (n+ 1)QAD|φ >,
iQgQD|φ > = (n− 1)QD|φ >, iQgQAB|φ >= (n− 1)QAB|φ >,
iQgW |φ > = n W |φ > .
(6.2)
This shows that the ghost numbers for the states QB|φ > (or QAD|φ >), QD|φ > (or
QAB|φ >) and W |φ > in the quantum Hilbert space are (n+1), (n− 1) and n respectively.
At this stage, it is worth mentioning that in Refs. [19-21], the analogous expressions
for QB, QD,W have been derived for the free 2D Abelian- and non-Abelian gauge theories
(having no interaction with matter fields). The topological properties of these free theories
have been shown to be encoded in the vanishing of the operator W when equations of
motion are exploited. On the contrary, as it turns out, the operator W is defined off-shell
as well as on-shell for the 2D interacting BRST invariant U(1) gauge theory. This is because
of the fact that even though U(1) gauge field is topological (i.e. without any propagating
degrees of freedom), it is coupled to the Dirac fields here and fermionic degrees of freedom
are present in the off-shell as well as on-shell expression for W . Thus, the present theory
is an example of an interacting topological field theory in 2D.
It is interesting to note that the algebra of QB, QD and W in equation (6.1) is exactly
identical to the corresponding algebra for the de Rham cohomology operators (d, δ,∆) in
(2.8). Furthermore, it can be readily seen that the operation of these generators on a state
with ghost number n (cf. eqn.(6.2)) is same as the operation of the above cohomological
operators on a differential form of degree n. Thus, it is clear that the BRST cohomology
can be defined comprehensively in terms of the above operators and Hodge decomposition
theorem can be implemented cogently in the quantum Hilbert space of states where any
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arbitrary state |φ >n (with ghost number n) can be written as the sum of a harmonic state
|ω >n (W |ω >n= 0, QB|ω >n= 0, QD|ω >n= 0), a BRST exact state (QB|θ >n−1) and a
co-BRST exact state (QD|χ >n+1). Mathematically, this statement (which is the analogue
of eqn. (1.1)) can be expressed by the following equation
|φ >n= |ω >n + QB|θ >n−1 + QD|χ >n+1 . (6.3)
It is obvious, therefore, that the above symmetry generatorsQB, QD andW have their coun-
terparts in differential geometry as the de Rham Cohomology operators d, δ and ∆ respec-
tively [9,10]. It is an interesting feature of the BRST formalism that these de Rham cohomo-
logical operators can also be identified with the generatorsQAD, QAB andW = {QAD, QAB}
respectively. Thus, there is a two-to-one mapping from BRST formalism to the differential
geometry as: (QB, QAD)⇒ d, (QD, QAB)⇒ δ,W = {QB, QD} = {QAD, QAB} ⇒ ∆.
7 Conclusions
We have shown that, in the language of well-defined symmetry properties of the BRST
invariant Lagrangian density of an interacting U(1) gauge theory, the celebrated Hodge
decomposition theorem can be understood. The generators of the nilpotent BRST trans-
formations; nilpotent dual BRST transformations and a bosonic symmetry transformation
(derived by taking the anticommutator of both these nilpotent symmetries) correspond to
the de Rham cohomology operators (d, δ,∆) of differential geometry and they obey the
same kind of algebra as obeyed by these operators. There is a logical understanding for
the existence of these generators. In fact, these individual generators generate separate and
independent symmetry transformations under which the two-form field (i.e. electric field
E), gauge-fixing term and ghost fields remain invariant respectively. A discrete symmetry
of the theory corresponds to the Hodge duality (∗) operation of the differential geometry.
Thus, all the cohomological quantities of differential geometry find their analogue in the
language of physically well-defined quantities for interacting U(1) gauge theory. Thus, this
interacting theory is a physical field theoretical model for the Hodge theory. It will be
very useful to explore the impact of this new symmetry in the context of symmetries of the
Green’s functions for QED and derive the analogue of Ward-Takahashi identities. Since the
new symmetry is connected with the analogue of chiral transformation, it might be possi-
ble that BRST cohomology and Hodge decomposition theorem will shed some light on the
Adler-Bardeen-Jackiw anomaly in 2D. It is quite possible that this understanding might
provide an insight into the proof of the consistency and unitarity of the anomalous gauge
theory in two-dimensions (see, e.g., Refs. [28,29] and references therein). The generaliza-
tion of this new symmetry to 2D non-Abelian gauge theory (having local gauge interaction
with matter fields) is another future direction that can be pursued. A very good attempt
has been made to discuss these new symmetries in the framework of Hamiltonian formula-
tion [30]. However, more works are needed in this direction to establish a precise analogy
with the key concepts of differential geometry. The insights gained in these studies might
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provide a clue for the generalization of this new symmetry to physical four dimensional
gauge theories. These are some of the issues under investigation and a detailed discussion
will be reported elsewhere.
Acknowledgments
A part of this work was done at JINR, Dubna (Moscow) and AS-ICTP, Trieste (Italy).
Fruitful conversations with members of theory groups at BLTP (JINR) and HEP group at
AS-ICTP are gratefully acknowledged.
References
[1] C. Becchi, A. Rouet and R. Stora, Phys. Lett. B32 (1974) 344; Commun. Math. Phys.
42 (1975) 127; Ann. Phys. (N.Y.) 98 (1976) 28.
[2] I. V. Tyutin, Lebedev Institute Report No. FIAN-39 (1975) (unpublished).
[3] P. A. M. Dirac, Lectures on Quantum Mechanics, (Yeshiva University Press, New York,
1964).
[4] K. Sundermeyer, Constrained Dynamics: Lecture Notes in Physics (Springer, New
York, 1982).
[5] D. M. Gitman and I. V. Tyutin, Quantization of Fields with Constraints, (Springer,
Berlin, 1990).
[6] K. Nishijima, in: Progress in Quantum Field Theory eds. H. Ezawa and S. Kamefuchi
(North-Holland, Amsterdam, 1986) p. 99.
[7] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton University
Press, Princeton NJ, 1992).
[8] N. Nakanishi and I. Ojima, Covariant Operator Formalism of Gauge Theories and
Quantum Gravity (World Scientific, Singapore, 1990).
[9] T. Eguchi, P. B. Gilkey and A. J. Hanson, Phys. Rep. 66 (1980) 213.
[10] S. Mukhi and N. Mukunda, Introduction to Topology, Differential Geometry and Group
Theory for Physicists (Wiley Eastren Ltd., New Delhi, 1990).
[11] K. Nishijima, Prog. Theor. Phys. 80 (1988) 897; 905.
[12] J. W. van Holten, Phys. Rev. Lett. 64 (1990) 2863; Nucl. Phys. B339 (1990) 158.
[13] G. Fu¨lo¨p and R. Marnelius, Nucl. Phys. B456 (1995) 442.
[14] D. McMullan and M. Lavelle, Phys. Rev. Lett. 71 (1993) 3758; ibid. 75 (1995) 4151.
[15] V. O. Rivelles, Phys. Rev. Lett. 75 (1995) 4150, Phys. Rev. D 53 (1996) 3257.
[16] R. Marnelius, Nucl. Phys. B494 (1997) 346.
[17] H. S. Yang and B. -H. Lee, J. Math. Phys. 37 (1996) 6106.
11
[18] T. Zhong and D. Finkelstein, Phys. Rev. Lett. 73 (1994) 3055; ibid. 75 (1995) 4152.
[19] R. P. Malik, Int. J. Mod. Phys. A15 (2000) 1685 : hep-th/9808040; J. Phys. A: Math
Gen 33 (2000) 2437: hep-th/9902146.
[20] R. P. Malik, Mod. Phys. Lett. A14 (1999) 1937: hep-th/9903128.
[21] R. P. Malik, New topological field theories in two dimensions : hep-th/0012085.
[22] E. Harikumar, R. P. Malik and M. Sivakumar, J. Phys. A: Math Gen 33 (2000) 7149:
hep-th/0004145.
[23] C. Chryssomalakos, J. A. de Azcarraga, A. J. Macfarlane, and J. C. Perez Bueno, J.
Math. Phys. 40 (1999) 6009.
[24] R. P. Malik and T. Pradhan, Z. Phys. C 28 (1985) 525.
[25] S. Deser, A. Gomberoff, M. Henneaux and C. Teitelboim, Phys. Lett. B 400 (1997)
80.
[26] R. Banerjee and B. Chakraborty, J. Phys. A: Math Gen 32 (1999) 4441.
[27] R. Banerjee and C. Wotzasek, Nucl. Phys. B 527 (1998) 402.
[28] R. Jackiw and R. Rajaraman, Phys. Rev. Lett. 54 (1985) 1219.
[29] R. P. Malik, Phys. Lett. B212 (1988) 445.
[30] P. Gaete, Note on the dual BRST symmetry in U(1) gauge theory: hep-th/0005203.
12
